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I. INTRODUCTION

This report comprises two independent , self—contained parts: Section

11 examines the effect of an ionospheric C—layer on long—range ELF/VLF/LF

propagation; Sec. III , the relationships among incidence angle, frequency, -

and VLF/LF reflection heights. Subsections in both Sec. II and Sec. III

present background discussions, derivations, and conclusions. Both sections

can , therefore , be treated as essentially separate reports. 

..— ~~~~~~~~~~ ,. .~ _~••;_~•___~__~_ — - - — -  - j~ IPfl~~~~



11. EFFECT OF AN IO NOSPHER IC C—LAYER

ON LONC-PATH_ ELF /VLF/LF PROP ACA TION

Roughly speaking , the term “C—layer ” refers to ionizat ton tha t

occurs below t h e  normal ionospheric P—layer; i.e., below altitudes of

around uS km. Many authors have reported experimental evidence for the

existence of such a C—layer. Most of t h i s  evidenc e is b~iscd on steep—

incidence ionospheric—reflecti on data measured at frequenc ies between

1 ~ kiIz and 100 kllz. The characterist ics of the C—la yer are h i g h ly

variable , depending on time of day, season , location , and phase of the

sunspot cycle . There appear to be many locations or t imes at which  a

d e tec t a b l e  C— layer does not ex i st .

As indicated above , most of the radio data pertaining to the (‘- l aye r

we re measured on t ransmiss ion paths of no longer than .!OO kin to 300 km ,

wh r e  the incidenc e ang le  at the ionosphere is not greater  tha n , say 60

degrees. For such sho r t pa ths , the propagat ion may he adequa t e ly  repre-

sented by t he  superpo sit  ion of a ground wave p lus  f i r s t —  and second— order

“ sky waves ” that  ar e  reflected once or twice ’, r e spec t ive ly , f r om the

ionosphere. At much greater d i s tances , t h i s  simp le  plane—wave s u p er —

p o s i t  ion becomes cumbersome , because nume rous sky waves must he r e t . i in ed ,

and r ep r esentat  ton of the  signa l in term s of a few wavegu ide modes be-

comes pr e f e r ab le . This  sect ion ca l cu l a t e s  the  e f f e c t  of model C — L i v e r s

on EI . F /V L F/ L F si gna l s  for  p ath length s  so large th a t the  wavegu ide—mod e

rep re sent at  ion should be used . We assume——withou t  ust if icat ion ——

that the C—layer exists over the entire l ength of the propagat ion p a t h .

IONOSPHERI C MODELS

Our approach to assessing the sensitivit y of long—p ath  F.I. F/V l.F/ l.F

pr opag at ion to t h e  presence of a C— l a y e r  consis ts  of two steps . Fi r s t , 

~
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we make field—strength calculations based on a nomina l model ionosphere

that does not exh lb it a C—layer. Second , we a I ter  Lb Is mode’ 1 by super-

imposing sample C—layers , recalculating field strengths , and comparing

the results with those obtained for the nominal model.

For our nominal model , we use the DNA standard daytime model iono-

sphere (Knapp and Schwartz, 1975). Figure 1 shows the corresponding

electron and positive ion—density height—profiles , N and N
+. 

respec-

t ively. Also , we assume the ion—collision frequency to be 1/40 of the

electron collision—frequency at all altitudes . The masses of both

positive and negative tons are assumed to be 63 AMU below 40 kin , 40 A?-ftl

above 65 kin, and are l inearly interpolated between 40 kin and 65 km. For

the model ionospheres used in this report , the ions affec t ELF propaga-

t ion somewhat , but VLF propagation is totally dominated by electrons .

A large number of C—layer profiles , measured by numerous investi-

gators , are reviewed and presented by Alpert (1~’73), Bain (1:~?4) ,

I~rasnushkin and Federov (1966) , and Risbeth and Garriot (1~
)(
~9), who also

give extensive bibliographies . These experimentally determined layers

exhibit widely vary ing characteristics , depend ing on local conditions

at the t ime that the data were taken. Moreover, although consisten t

with low—frequency, steep—inc idence , reflection data , these layers are

not necessarily unique; i.e., some other assumed layer characteristic s

might also be consistent with the reflectivity data.

Of all the electron—density height—profiles given in the above

references, the most pronounced C—layers had a max imum density of about

100 el/cm3 at a height of about 55 Ion. Such a layer is assumed here ,

and is shown in Fl.g. 1 superimposed on the standard ionosphere. Through-

out this report , the C—layer shown in Fig. I will be called the “Pain”
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C—laye r because it corresponds closely to the most pronounc ed of the

models conside red by Ra in ( 1974) , al though a very s i m i l a r  p r o f i l e  was

also used by K r asnushkin  and Federov (l96~). The C-layer shown in

F i g .  I is based on measurem ents taken at summer noon in Grea t Br i ta in .

To assess the ef f e c t s  of C—layer height on long—path propagation ,

we assume a ledge of density 100 el/cm 3 and th ickness 6 km centered at

th ree hei ghts :  58 Ion (Model A ) ,  55 km (Model B ) ,  and 61 kin (Model C ) .

Figu re 2 shows the superposition of Model A on the standard ionosphere.

Si nce Models B and C consist simpl y of movi n g the led ge of Model A down

or up, respectivel y, by 3 kin, they are not shown in the figures .

Although  the upper and lower boundaries of the C—layer ledge are shown

as bei n g tot all y ab rupt in Fig. 2 , the y are “smeared” over about 1 km

in pe r forming  the numerical  calculations because of the 1—km he ight—

resolution used for the input data.

EQUATIONS AND MODE PARAMETERS

The detailed equations desc r ibing ELF/VLF/LF propagation were given

by Fie ld , et al .  (1~~
’t-’) and wi l l  not be repeated here.  These equations

are solved numericall y ,  accou nting for  the ver t ical  inhomogeneity of the

ionosphere and the curvature of the earth , t hus ob ta in ing  the resu l t s  given

below . The geomagnet ic field of the ear th  is omit ted  f rom the calcula-

tion , which is permissible for  the dayt ime propagation condit ions consi-

de red . To def ine  the notation and i l lustrate  the key dependences , two

equations for the spatial  dependence of the f ie lds  are recapi tulated

below .

We consider vert ical ly oriented VLF t r ansmi t t e r s  for  which the f i e l d s

a re composed of a superposit ion of so—called TM wavegu ide modes . We express

_ _ _
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the  resul ts  in terms of the magne t i c  i n t e n s i ty ,  II , w h i c h  Is h o r i z o n t i l l l y * 
‘

or ien t ed and is given by Field , et m l . (1976) :

11V1,F Ut
~

l
~~

•

~~
f 

d IE  A QS (x~e
_ 8

~
7 0 e c d / ~~~~~i i i/ 4  A/M.  ( I )

In Eq .  ( 1 ) ,  Ii .  is the e f f e c t i v e  e l ec t r i c—d ipole moment of the  t r a n s—

n E t t i n g  antenna ; A , the f ree— space wavelength;  d , the  d l s tanc t ~ f rom t h e

t r a n s m i t t e r;  a , t he  ea r t h ’ s rad ius; and c , t he vacuum speed of l i g h t .

The q u a n t i t y  S is essen t i a l ly the eigenvalue of the ath_waveguide

mode and must be computed numerical l y .  At VLF , however , S turns o u t

t o  have a magn i tude  close to u n i t y ,  and the term In Eq.  ( I )  dot ’s not

• app rec iabl y in f l u e n c e  the f i e l d .

Thus , t he magni tude  of the ve r ti cal  e l e c t ri c  f i e l d  depends on t h t ~
s t a t e  of the ionosphere through two parameter s :  ~~~~, t h e  e x c i t a t i o n  factor

fo r a vert  teal d ipo l e ;  ii, the a t t e nu at ion  ra t e  in dee ihe ls  per megam eter s

of p ropagat ion (d B / Mm ).  The phase of the si gnal is gover ned by t h e

r e l a t i v e  phase v e l o c i t y ,  v/c , which  must also be de term ined numerically.

Con t r a r y  ~o the s i t u a t i o n  at VLP , an ELF t r a n s m i t t i n g  an tenna  would

he ho r i z o n t a l l y ot t en ted  and operated in the  e n d f l r e  mode to exci te  the

• qua s i—TM mode , which  is the onl y one that  p ropagates w e l l .  The appro-

pr i a te  expression for  the  magnetic in t ens i ty  is

‘I — if ,12
~~ o A h — 2 n I c d / A v —T ~d / ( 8 . 7 x  10 6 ) 

A/ni -)

‘~LF I2 0s c • __________

~
( c~T gc/ v s in d/ a

*Uore precisel y, we consider the a z i m u t ha l component , II , whe r e ~is the usua l a z imu tha l coo rd ina te  in p o l a r  spher ica l  coor din ~ t t ’s .

- - ..— ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ _ • .~ _~~~~~~~~~~~ .~~~~ _-.- L~. .~~~~



8 V
where f is the wave frequency, °g 

is the effective ground conductivity

in the v i c i n i t y  of the t ransmitter , A
h 

is the excitat ion factor  for  a

horizontal d ipole in the endf ire direction . As for VLF , the mode para-

meters to be calculated are the excitation factor , Ah, the attenuation

rate, n, and the relative phase velocity, v/c .

As defined in Eqs. (1) and (2), A and A
b 
have units of inverse

distance. In the ide*lized limit of a perfectly reflec t ing , sha rp ly

bounded ionosphere at a height H
0 
above ground , A n ~ I / H  and Ah ~ l/ 2 H .

Even for diffuse ionospheric boundaries (as treated in t h i s  report), the

magnitudes of the excitation factors are of the same order as the rec i-

procal of the nominal ionospheric reflection heights. This definition

differs from that often found in the literature , where the nominal

reflection height is factored out and appears explicitl y in equat ions

analogous to Eqs. ( 1) and (2) , and the excitation factors are treated

as d imensionless quantities with order—of—magnitude unity rather than

I/H . Stated differently, 
~ 
in Eq. (1) corresponds very roughly to

the ratio Pt IN often used in treatments that model the earth—ionospheren o

waveguide as having a well—defined reflection height .

NUMERICAL RESULTS

All  results given below were calculated us ing PSR ’s full—wave

propagat thn code descr ibed by Field , et ci. (19~’6). Table 1 gives the

attenuation ra te , n , relative phase velocity, (v/c ) —I , and exc i t a t ion

facto r , A , for frequencies of 45 Hz , 75 H z , 20 kHz , and 35 kHz , and

the f ive dayt im e model tonospheres described above. A ground conduc-

tivity of 4 mhos/m is assumed in all cases. Results for only t he ’

lowest mode (No. 1) are shown for  45 Hz and 75 Hz, because higher—order

ELF modes are well below the cutoff frequency of the earth—ionosp here

- — -—~~~~~~-—.. --•--—-- —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ —I
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Tab~e l

CALCULATED ELF/VLF MODE PARAMETERS

Freq. (Hz J Mode No. Model T1(dB/Mm) v/c - 1 A

Standard -7.99x10 1 i.86x10 1 9.23x1 iY 6

Barn .7.29 x 10 1 2 185 10 1 9.95x10~
45 1 A .7.27510 1 .2 .03x10 1 9.62x10 6

B .6.61510 1 •2 13x 101 9.84510 6

C .6.86510 1 -1.73x10 8.9351116

Standard -1.14 .1.68x 10_ i 9.OO x i0 6

Bain .1.15 .2.03x i0 1 9.78510 6

75 1 A -1 .07 - 1.88x10 1 9.46510 6

B -1.04 - i.99x 10 1 9.725 1116

C -9.34x 10~
1 -1.60x 10 1 8.825106

Standard -1.88 -1.64 x ~~~ 1.07x 10~
8am •3.26 -1.49xi11~ 1.13x10~

1 A -2.44 •1.41x111~ L15x10 5

B - 2.78 -i.38x i11~ 1.16x10 5

C -2.00 -i.55x1Ci~ 1.10x10~
2o~ -lo~

Standard -7.97 1.07x io 2 i.78x

Bain -14.71 1.06510-2 1.71x10~
2 A -11.29 1.16510-2 i.79x10~

5

B .12.77 1.15510-2 1.72~~10~
C -8.83 i.i ix io~

2 1.8Ox 1O~

Standard -3.32 .3.54 x i11~ 2.99x io 6

Barn -6.39 -3.02x 4.99x 1(16

A -4.35 -3.14x1(1~ 4.28x 10 6

B -5.31 -3.08x 10~ 4.60x i0~
6

C -3.47 -3.39x10~ 3.42510 6

35~~10~
Standard -4.53 8.49x I11~ l.97~

8am -12.05 1.13x i11~ 2.07x 10~
2 A -7.31 1.32x10~ 2.08xi0~

B -9.10 i.25x10~ 2.05xi0~
C -5.14 1.05x10~ 2.02x l0~
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cav i ty .  For VLF (20 kHz) and LF (35 k }lz), resu l t s  are shown for  the f i r s t

two TM—waveguide modes. At higher frequencies , the a t t en uat ion rates of

the various modes are nearly equal, with the result that a prohibitive

number of modes must be retained to achieve reasonable accuracy. At

these higher frequenc ies, a geometric—optical approach is general ly  more

practical than the normal—mode approach used here.

The results shown in Table I are used in conjunction with Eqs. (1)

and (2)  to ca lcu la te  the f ie ld—strength  versus distance graphs shown

in FIgs.  3 through 6. Distances shorter  than severa l hundred mega—

meters are not shown on the graphs, because the number of modes used

inadequately represents short—path propagation . Even the results shown

do not achieve high accuracy until the path length exceeds , say, one or

two megameters. Because we are interested solely in the relative values

of the field for the various models , an arbitrary amplitude scale is

used in FIgs. 3 through 6.

To assist in the interpretation of the results  shown in Figs. 3

through 6, we have calculated the norma l reflection coefficient , 11 R 1 1 ,

versus the cosine , C , of the angle of incidence for  each of the f i v e

ionospheric models. Because the concept of a reflec tion coefficient is

not useful at ELF, where the wavelength greatly exceeds the distance

between the ear th  and ionosphere , f~ 1 R 1 is g iven only [or frequenc ies

of 20 lcIIz and 35 kHz (Figs. 7 and 8).

As an additional diagnostic tool , Figs. 9 and 10 show the relat ive

Joule—heating height—profile for the lowest waveguide mode at 75 Hz and

20 kHz. The f igures compare the heating profiles between the standard

ionosphere and the ionosphere having the “Rain” C—layer ledge. Note

that the shape , rather than the magnitudes , of the heating profiles
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should be compared because all profiles have been normalized to have .~
peak v8lue of unity. The heating profiles above about 71) kin ~re less

accurate thaz~ at lower altitudes because of the omission of the geomagnetic

field in the calculations.

DI SCUSSION

The results In Table 1 for 45 Hz and 75 Hz show that the effects of

the C—layer ledge on ELF propagation are small. Only slight differences

in attenuation rate, n, and excitation factor , A , are noted among the

d ifferent models considered. Moreover, no clear trend is evident—-

Model B giving the lowest attenuation at 45 Hz and Model C th e lowest

attenuation at 75 Hz .  Figures 3 and 4 give the ELF f i e ld—st reng th  versus

distances for these frequencies, and again indicate onl y minute  d i f f e r -

ences for the various ionospheric models used . Even at a propagation

distance of 10 tb , the spread in calculated field strength is only about

35 percent (2 dB).

The results for VLF/LF are very differen t than those described

above at ELF. Table 1 shows that at 20 kllz , s igni f icant  d i f ferences  in

calculated attenuation rates occur among the variou s models. Even

larger differences in n are shown at LF (35 k}Iz). Rowever, no important

dependence of the excitation factor on the C—layer ledge Is noted .

The t rend in the results for VLF/LF is much mere regular than at

ELF. In every instance, the standard DNA model g ives the lowest attenua-

t ion rate, ind icating that the effect of the C—layer ledge assumed here

is to degrade the propagation . For all cases , the Rain model of the

C—la yer ledge gives the highest attenuation rate.

-- — — -- — ——-- ---~~~2 L ~~~~~~~~~~ .~~~
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The results for Models A, B, and C are of interest because they

illustrate the dependence of propagation on the altitude of the layer——

the electron density and thickness having been held constant for these

three models. For all cases , the lowest—altitude model (B) gives the

highest attenuation whereas the highest—altitude model (C) gives attenuR- - - -

tion rates only slightly greater than does the standard model. Two

competing e f fec t s  occur when the altitude of the layer is changed . First ,

because of the decrease of collision frequency with  a l t i tude , a given

electron density corresponds to a greater refractive index at say,

61 km than at 55 kin. Second , and conversely, a 100 el/cm3 increase in

- 

I electron density is a relatively modest addition to the standard density

at 61 km, but is a very large relative enhancement at 55 km. For the

models assumed , the second effect is clearly dominant because the ledge

centered at 55 km caused the greatest increase in attenuation rate. Of

course, this trend of the effect of the ledge increasing as its altitude

is decreased would not continue indefinitely. Placing the ledge at too

low an altitude (e.g., 40 kin) would have virtually no effect on propaga-

tion, because the electron mobility would be destroyed by the large

collision frequency .

Figures 5 and 6 show that the effects of a C—layer ledge on VLF/LF

field strength can be considerable, provided that the ledge exists over

lateral distances of many megameters . At 20 kHz, Fig. 5 shows that the

spread among the calculated fields is about a factor of four , which

corresponds to 12 dB. At 35 kEa, Fig. 6 shows spreads of up to a factor

of 40, which corresponds to about 30 dB .

Figures 7 and 8 provide insight into the behavior o the waveguide

modes given above. Note that the full—wav, mode calculations indicate

- -~~~
---

~
----

~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~ -. --~~~ ——-- ~~ ‘a..L 4
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that the cigen—cosine of the lowest VLF/LF modes are about 0.2 at ~0 kila

and 0.15 at 35 kHz . These eigen—cosines correspond p h y s i c a l l y to t h e

cosi ne of the in c- nice angle at the ionosphere . For C 0.2 , Fi g. 7

shows that the ordering of j J for  the various models at 20 kllz is

the same as the ordering of n in Table 1; i.e., the reflection coeffi-

cient is lowest (ri highest) for the 8am model , and so forth. Similar

conclusions are drawn from Fig. 8 for 35 kI-lz and C — 0.15.

An important conclusion drawn from Figs. 7 and 8 is that the relative

effects of the various assumed C—layer ledges depend strong ly on m ci—

dence angle. For example , as discussed above , the Bain moth-i gives the

lowest r e f l ec t ion  coe f f i c i en t  for  long propagation paths , which corres-

pond at oblique incidence (C .~, 0. 2 ) .  For steeper incidence ang les (C~~ 0.6;

( I  — 53°), however , the Bain model gives the lzi~ilu ’~i t  r ef lec t ion c o e f f i c i e n t  of

any of the models considered .

Figure 9 ind icates why the C—layer ledge has such a small influenc e

on ELF propagation. As shown by the Joule—heating profil e , the important

ionospheric in te rac t ions  occur over a broad range of a l t i t u d e s  tha t

extend from about 50 kin to 85 km at 75 kHz . On l y  the l owest 10 km or

so of this range is significantly affected by the 8am model of the

C—laye r ledge. Moreover , the enhanced heating between 50 km to 55 Ian

is largel y compensated by reduced heating between 55 km to 60 km ,

causing the attenuation rate——which is essentially proport iona l to the

ar ea under the heat ing prof i l e——to he r e l a t ive l y un a f f e c t e d .

Conversely, at 2 0 kHz , Fig . tO shows that for the standa rd model the

h eating peak occurs in a well—defined region about I S—Ian thick , centered

— . — i ~._o4~~ - ::. :: :. - - ——— ~~~~~~~~~~~ 
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at about 65 km. The main effect of the Balm C—layer is to lover this

heat i ng reg ion——and , presumably,  the r e f l e c t ion he igh t——by nearl y 10 kin .

Al though not evident from the normalized curves shown in Fig . 10 . t h e

heat ing peak——and the area under the heat ing curve — —for  t he  8am model

is about twic e as large as (or the standard model.

L_ _ _ _  
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I I I .  RELATIONSHIPS ANONG INCIDEN CE AN GLE~

F~~~~ENC~~ AND VLF/LF REF I.E CTTON IIE TCHT S

The range of altitudes from which VLF/LF signals are reflected from

the ionosphere depends on the incidence angle and frequency of the wave.

Ordinarily, the reflection height—range tends to be lowered if 1) the

wave frequency is reduced , or 2) if the incidence angle is made more

oblique . Thus , for a given frequency, long—path signals tend to interac t

with lower ionospheric heights than do short—path signals, which have

steep incidence angles. For the reasons stated above, however , it should

be possible to cause oblique waves to interact with the same ionospheric

regions as steep—incidence waves by properly adjus t ing the frequency.

Accordingly , this section analyzes the relationship between incidence

angle and frequency of VLF/LF waves that reflect from a given ionospheric

height—range .

BACKGROUND

Some progress on the above problem has already been reported in the

literature. Booker and Cram (1964) computed reflection loss by assuming

(on intuitive grounds without proof) that VLF/LF reflection takes place

near a level where

2 2 —2wcos 0 w /v w . ( 3)
p e  0

in Eq. (3) , w is the angular frequency of the wave , 0 is the incidence

angle at the ionosphere , Ve is the electron—collision frequency,  and

is the electron—p lasma frequency, which depends linearly on the electron
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dens i t y ,  N .  Thus , the charac terist ic freq uency, w
0
, depends on heigh t

‘i 
through the ratio , N e/y e ; and Eq. (3) states that two waves will sample

the same height—range (i.e., the same values of Ne/V e
) provided that the

product ucos28 is kep t constant .

Because Booker and Cram simply wrote down——rather than derived--Eq.

( 3),  they give no cr i ter ia  for its val idi ty  or range of app l icab i l i ty .

Of course , given the absence of the gyrofrequency in Eq. (3) ,  the appl ica-

bility is clearly limited to daytime or disturbed conditions where geo-

magnetic effects play a relatively minor role. Equation (3) was put on

a more rigorous footing by Field and Engle (1965), who show that provided

2cos 9 << 1 , (4a)

and

w0oce~~ , (4b)

the main reflections occur in a several—kilometer altitude range centered

near the altitude where

/~ ucos2e — 
‘ 

(5)

wh ich is essentially the same as Eq. (3) , and——like Eq. (3)——is invarient

to changes in w or cosO provided the product w cos2O remains constant.

DERIVATIONS

The task at hand is to derive relations analogous to Eqs. (3) or (5)

that are not restricted by the conditions (4a , 4b) and that apply under

conditions in which the geomagnetic field must be included . The approach

taken is to derive expressions for the ionospheric reflectivity—per—unit—
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height, R ( z ) ,  and determine which , if any, combinations of ~ and cosO

will leave R unchanged . Only partial success is achieved because, although

a useful relation unrestricted by conditions 4a, 4h is found , the equa-

tions for conditions where the geomagnetic field must be included are too

complicated tc ~e of practical value.

Vertical Polarization

We begin by defining the following three quantities that occur through-

out the derivation:

~ l + i ~~ , (6)

2 2q ~~ cos 0 + i —  , (7 )

2
Q = q / n

In the above expressions, w1~, which is a function of height , is defined by

Eq. (3), n2 is the ionospheric refractive index, and q is the solution to

the well—known Booker quartic . Equations (6) and (7) are based on the

approximation that

y > w  and ue c

wh ich is val id below 70 km or so for VLF/LF.

The exac t , full—wave equation for the reflection coefficient is non—

linear and , hence, must be solved numerically. Because an analytic

rela t ion between w and cosO is desired , some approximations must be made.

Specifically, attention is restricted to conditions where the reflectivity—

per—unit—heigh t is not too large.

For ver tical polar izat ion , the relevant Maxwell equations are

--

~

- —- -~~~ --“
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dE
— —ikqQH (9)

and

dH 2
T-=— ikn E , (10)

where k is the free—space number, E is the horizontal electric field , and

H is the normalized horizontal magnetic intensity* (Budden , 1961 , p. 1 42) .

The method of solution is based upon deriving correction terms to the WKB

approximation , which neglects reflections altogether. Thus , we insert

E ~ ±QlI (11)u ,d u ,d

into Eqs. (9) and (10), where the subscripts u,d denote upgoing and down—

going waves, respectively. After some rearrangement, the following coupled

equations for the upgoing and downgolng waves are obtained:

H ’ + [~~~+ik~] ~ = (12a)

H~ +[~~~
_
ikq] Hd 

= 

~~
-H
~ 

, (12b)

where the prime denotes z—differentiation . The quantity Q’/2Q represents

coupling between upgoing and downgoing waves, and is treated as a perturba—

- 

- 
tion term.

The zero—order solution to Eq. (12a), obtained by neglecting the right—

hand side , is easily shown to be

*Specif ically, H differs from the unnormalized magnetic intensity by
a factor of 12011 ohms.

L_ _ 
_ __ __ _ _



27

H cos0 Z

~~ 
— eXP[_ik f ~(~ )d~

] 
, ( 1 3 )

where N~ is the wave incident on the ionosphere from below; i.e., H -
at z — 0. Equation (13) is the well—known WXB representation of an upgoing ,

vertically polarized wave.

The downgoing wave generated by the upgoing wave is calculated to first

order by inserting Eq. (13) into the right—hand side of Eq. (12b) :

+ - ik~
] 
Hd 

- [
~
•_] H~cos0 

exP[_ ik
f~(t )dc]  . (14)

Equation (14) is a linear, first—order, differential equation that may be

integrated immediately. The resulting expression for Nd, subject to the

physically necessary condition that Nd — 0 at z — “, is

Hd
(z) I ~~

;° ~~~~~~~~~~~~~~~~~~~~~~ exP[_ikJ dn]~

(15)

2Q(~)

The reflection coefficient at the ground , R
~
, is obtained by setting

z — 0 in Eq. (15), and noting tha t Hd (0) — RB 1
, and Q(O) — cosO , whence

- i~[~] exP[_2ik~~~d~ J , (16)
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which is a well—known result for weakly reflecting media derived in a

different manner by Wait (1970).

The term s in Eq. (15) are grouped to permit a clear physical interpre— -

tation. The first curly brackets contain the expression for the upgoing

wave at a height, ~; the second curl y brackets, the expression for the

reduct ion in strength of a downgoing wave in propagating from a height

to a lower height , z. Thus, the quantity in the third bracket denotes the

amount of upgoing wave converted into downgoing wave in the thin layer

extending from ~ to t~ + d~ . A similar interpretation can be obtained from

Eq. (16) by noting that the exponential factor in the integrand accounts

for the loss suffered by an upgoing wave propagating to the height , ~
; and

the loss suffered by a downgoing wave propagating from the height , ~~~, back

down to the ground at ~ 0. Thus, the reflectivity—per—unit—height , R
~
,

can be writ ten , by using Eqs. (6) through (8) ,

—iw~ fw
_ iw0

_ 2wcos2Ol
R —~~~ - - —  I I ( 17)v 2Q 2(wcos20+iw

0
) [ w + i w 0

which has the following magnitude:

rw 2 2 i0 I 2w sin 2Oi
— 1 —  . 1v 

2[~
2coa4e + w~] [ 

w + w 0 J

Horizontal Polarization

The derivation for horizontal polar iza tion proceeds exactly as de-

scribed above for vertical polarization, except that the electric field

is used rather than H. Without going into details, note that , aside from

unimportant multiplicative factors, the equa tions for hor izon tal polari-

zation are identical to those for vertical polarization , except that the

_____  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .— - -  -~~~- -~~~~~~—~~ -.
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quantity, Q, is replaced by the simpler quantity, q. The reflection

coefficient is

Rh 
— fd~[~~

]exP[_2ik /qdn] ; (19)

and the reflectivity—per—unit height is given by

Rh — E1~11 — 

2{wcos
2
8+i~0] 

, (20)

which has the magnitude

I R I r . (21)
h 1 2  4 2

21w 
cos

DISCUSSION

Subject to the approximations made in the derivations , R and R
h

determine the heights at which reflection occurs. Of course, as indicated

by Eqs. (16) and (19), 
~~ 

and 
~h 

do not completel y determine the ground-

level reflection coefficients, which also depend on the exponential term

accounting for losses suffered propagating to and from the reflection

regions. Thus, the following subtle distinction arises. If one wishes

to obtain the same reflection coefficient for obliquely and steeply m c!—

dent waves, then w and cosO must be adjusted such that the entire integrand

of Eqs. (16) or (19) remains constant . However , if the goal is to use an

obl iquely and a steeply inc iden t wave to sample the same ionospheric height

ranges, then w and cosO must be adjusted in a way that R and R
h 

remain

unchanged. In the latter case, the ground—level coefficients will not

necessarily be the same. 
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In pr inciple , R and Rh account for  both gradient reflec tion, charac-

terized by large values of w~ , and classical—turn ing—point reflection ,

characterizied by either q or Q~~~0. Because of the complex functional

forms used to approximate q or Q (see Eqs. (7) and (8)), neither q or Q

can vanish in the altitude range considered here, and only gradient reflec-

tion is a factor.

in Eqs. (17), (18), (20), and (21) , the height dependencts of R and

Rh 
are contained solely in w0, and its derivative , w~, whereas the dependenct~ 

-

on w and cost1 is shown explicitly. The question to be answered is whether a

simple func t ional relationship can be found whereby w and cosO can be varied

without altering R~ or Rh. The answer is remarkably simple for horizontal

polarization because , as shown by Eq. (20), Rh depends on fr~quen~y ~~

i~~idf?noe in~ l~’ aol~’!zi through the co”~bination ~~~~~~ Thus, for horizontal

polarization , the conclusion that the reflectivity—per—unit—height is

invarient to changes in w or cosO, provided that wcos20 remains constant ,

applies even when the condit ions (4a) and (4b) are violated . Of course ,

this conclusion is not totally unqualified , because the derivation is based

upon the assumption that the medium changes slowly enough that the product

of R
h and the local inverse vertical wave number , (kqY

1
, is less than unity ;

i.e., the condition

< 1 22
2kq

must hold. Of course, Eq. (22) is the validity criterion for the WKB

approx imation, and Field and Eng le (1964) derived Eq. (5) simply by max!-

mizmng the left—hand side of Eq. (22). 

. 
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The situation is more complicated for vertical polarizat ion because,

as shown by Eq. (17), 
~v 

depends on w and cosO th rough f ac to r s othe r than

~icos~~~~. For either oblique or steep incidence , however , approximate forms

f or R resUlt , f r om wh ich rela tively simple conclusions can be drawn . For

suffic iently oblique angles, Eq. (17) becomes

- 
iw~ fw - iw 0lR ~ I I if cos~~ <<½ ; (23)

V 2 ~w + iw2(wcos O+iw
0
) L 0

whereas, for suffic iently steep angles, Eq. (17) becomes

R 
~ 2 if sin P << ½ , (24 )

V 
2(wcos t~+ Lw0)

which is ident ical with Eq. (20) because the distinction between vertical

and horizontal polarization disappears for nearly normal inc idence. Both

Eq. (23) and Eq. (24) depend only on the combina t ion ~%cos~~1. Further note

that the magnitude of R for oblique and steep incidence , as described by 
—

Eqs. (23) and (24). is identical although the phases are different.

We thus conclude that steeply and obliquely inc ident , vert icall y polar-

ized signals are reflected from about the same ionospheric heights prov ided

that wcos2t~ is held constant. This conclusion should be reasonably accurate .

provided cos20 ~ 
or sin20 < < ½; i . e .,  fo r incidence angles greater than

about 700 or less than about 200. For intermediate angles and vertical

polarization , no such relationship exists , as can be seen from Eq. (18).

*Th iq conclusion also follows from Eq. ( 18) , with tI~ 0 or O~~- w / 2 .

— — — — - —— .—. —
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This sect ion has been concerned with ionospheric conductivity height—

profiles essentially devoid of rapid transition regions, wh ich, because ~f

large height—der ivatives , cause validity criteria such as Eq. (22) to he

violated , It is precisely at such “ledges ,” however , tha t wa ves are reflect—

ed regardless of frequency and incidence angle (aside from the Brewster

ang le ) . Thus , in the approximation opposite to that used here——the  n e a r l y

sharp ly bounded layer——both steeply and obliquel y inc ident waves will ret l ei-t

from the same height regardless of frequency, provided only that the wave

can penetrate to and from the layer .

We were not able to derive useful relations between w and cos0 for

situations in which the geomagnetic field must be included . Aside from

very spec ial condit ions in which the propagation is essent iall y isotropic

(e.g., east—west propagation at the equator , normally inc ident circularl y

polarized waves at the geomagnetic poles), the equation for reflec t ivi tv-

pe r — u n i t — h e i g h t  becomes much too complicated to be of p rac t i ca l  a n a l y t i c

value. 

~~~~~—-- . -.— - - .  
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